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Abstract
By applying a recursive tree search, we find many new instances of quadratic APN functions
up to CCZ-equivalence. In particular, we present 12,923 new quadratic APN instances in
dimension eight and five new quadratic APN instances in dimension ten. The vast majority of
those functions have been found by utilizing linear self-equivalences.
Among our 8-bit APN functions, there are three extended Walsh spectra that were not
known to be valid extended Walsh spectra of quadratic 8-bit APN functions before and, sur-
prisingly, there exist at least four CCZ-inequivalent 8-bit APN functions with linearity 27, i.e.
the highest possible non-trivial linearity.
Keywords: almost perfect nonlinear, differential cryptanalysis, Walsh spectrum, linearity,
self-equivalence, EA-equivalence
1 Introduction
Vectorial Boolean functions, i.e., functions from a finite-dimensional binary vector space to itself,
belong to the crucial building blocks in symmetric cryptographic algorithms. When such functions
are employed in actual cryptographic designs, they should admit strong cryptographic properties to
prevent against the most important attack vectors such as differential [BS91] and linear cryptanal-
ysis [Mat93]. Functions offering the best possible resistance against the former are called almost
perfect nonlinear (APN). In a nutshell, the idea is that the probability of a fixed input difference
to propagate to a fixed output difference should be as close to uniform as possible. The formal
definition is as follows.
Definition 1. [NK92] A vectorial Boolean function F : Fn2 → F
m
2 is called almost perfect nonlinear
(APN) if, for every a ∈ Fn2 \ {0}, b ∈ F
m
2 , the equation F (x) +F (x+ a) = b has at most 2 solutions
for x ∈ Fn2 .
It is well known that APN functions only exist if m ≥ n, see [Nyb91], and the most interesting
case corresponds to n = m, which we restrict to in the remaining part of the paper.
This work was funded by Deutsche Forschungsgemeinschaft (DFG); project number 411879806 and by DFG
under Germany’s Excellence Strategy - EXC 2092 CASA - 390781972.
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We know a few general constructions of APN functions and some sporadic instances in small
dimension. The vast majority of the known instances and constructions either correspond to mono-
mial functions over the finite field F2n or to functions with algebraic degree 2 over F
n
2 (i.e., quadratic
functions). Indeed, at the time of writing, only a single APN instance is known which is neither
CCZ-equivalent to a monomial function nor to a quadratic function [EP09]. Interestingly, APN
functions tend to have strong resistance against linear cryptanalyis automatically, i.e., they tend to
have low linearity. While this is always true for quadratic APN functions in odd dimension n (since
quadratic APN functions in odd dimension are almost bent [CCZ98]), the situation is more compli-
cated for even values of n. For instance, prior to our work, two possible values on the linearity and
three possible extended Walsh spectra of quadratic APN functions in dimension n = 8, see [Ars18,
Table 4.2], were known. Moreover, in dimension n = 6, we know one quadratic APN instance which
admits the worst-possible linearity of 2n−1, see the list in [EP09]. It is an open question, whether
such a high linearity is also possible for larger values of n, see [Car18].
An interesting line of research is to find new instances of APN permutations, especially in even
dimension. Those functions are specifically useful for substituting binary strings in a one-to-one
manner, which is often required in cryptographic algorithms. Till now, only a single instance of
an APN permutation in even dimension is known, i.e., for n = 6 (also known as Dillon’s permuta-
tion [BDMW10]). Finding more of such instances, especially for n = 8, or proving the non-existence
is usually referred to as the ”big APN problem”. It is well-known that a quadratic APN function in
even dimension cannot be a permutation [SZZ94]. However, Dillon’s permutation is CCZ-equivalent
to a quadratic APN function in dimension n = 6. The hope to discover more such examples is one
motivation to explicitly search for quadratic APN functions.
For n ≤ 5, a complete classification of APN functions up to CCZ-equivalence is known [BL08]
and for n = 6, such a classification is known for APN functions up to algebraic degree three [Lan12].
In 2009, Edel and Pott introduced the switching construction and constructed new APN functions
in dimensions n ≤ 8 by replacing components of previously-known APN functions [EP09]. This
lead to 19 and 23 CCZ-inequivalent APN functions to be known in dimension n = 7 and n = 8,
respectively. A breakthrough was achieved by the works [WTG13, YWL14], in which the authors
found many new quadratic APN instances in dimension n = 7 and n = 8. Very recently, a new
quadratic APN function in dimension 7 was presented [KI20]. Up to now, we know 491 APN
instances in dimension n = 7 and 8,190 APN instances in dimension n = 8. We also refer to
https://boolean.h.uib.no/mediawiki/index.php/Tables for an up-to-date list of the known
APN instances in small dimension.
Besides searching for APN instances in fixed dimensions, several infinite families of APN func-
tions have been found, see [BCV20] for a recent summary.
Very recently, in [BBL20], the authors utilized a recursive tree search for finding APN permu-
tations with linear self-equivalences in small dimension. Thereby, a function F : Fn2 → F
n
2 is called
linear-self equivalent if there are linear permutations A,B : Fn2 → F
n
2 such that FA = BF . The
authors applied the recursive tree search to classify APN permutations with linear self-equivalences
in dimension n = 6.
1.1 Our Contribution
In this work, by adapting the algorithm of [BBL20] to the case of quadratic APN functions, we
find many new instances of such functions. The search strategy is conceptually very simple. The
basic idea is to fix the look-up table of the APN function F to find entry by entry. Each time a
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new entry is fixed, besides checking whether there is a contradiction of the property of being APN,
the algorithm further checks whether a monomial of algebraic degree larger than two must already
occur in the algebraic normal form of F , in which case it would proceed by choosing another value
for the particular entry. The main difference to the algorithm of [BBL20] is the incorporation of
the check for the existence of high-degree monomials and the loosening of the restriction to find
permutations only.
By using this approach combined with considering linear self-equivalences, we find 12,735 new
CCZ-inequivalent quadratic APN functions in dimension n = 8, which is a tremendous increase
compared to the 8,190 eight-bit APN instances that have been known before.
Searching for new APN functions in dimension larger than n = 8 is known to be notoriously hard
and resource consuming. Indeed, to the best of our knowledge, previous search methods have not
been very successful in finding new APN instances and the only previously known APN instances
in dimension n = 10 are either monomial functions, one of the binomials defined in [EKP06] or
those that come from the infinite families given in [BC08], [BCL09], [Tan19], or [BHK20]. Clearly,
our approach becomes significantly less efficient as well. However, we are still able to present five
new APN instances in dimension n = 10.
We emphasize that our (randomized) search method is non-exhaustive, so we do not make any
claim on completeness of our findings.
As our most interesting result we obtain that, among the APN functions found for n = 8,
there are three extended Walsh spectra that were not known to be valid extended Walsh spectra
of quadratic eight-bit APN functions before. In particular, among those functions, there are four
CCZ-inequivalent APN functions having linearity 2n−1. Instances of our APN functions having
linearity 2n−1 can be given by the four CCZ-inequivalent functions
x 7→ x3 + g60x5 + g191x6 + g198x9 + g232x10 + g120x12 + g54x17 + g64x18 + g159x20 + g144x24+
g248x33 + g203x34 + g32x36 + g18x40 + g216x48 + g78x65 + g46x66 + g91x68 + g27x72 + g70x80+
g52x96 + g224x129 + g18x130 + g197x136 + g253x144 + x160
x 7→ x3 + g99x5 + g196x6 + g66x9 + g177x10 + g243x12 + g167x17 + g138x18 + g196x20 + g48x24+
g207x33 + g99x34 + g82x36 + g204x40 + g121x48 + g173x65 + g203x66 + g218x68 + g63x72+
g58x80 + g117x96 + g52x130 + g150x132 + g154x136 + g38x144 + g35x160
x 7→ x3 + g145x5 + g216x6 + g42x9 + g112x10 + g226x12 + g170x17 + g194x18 + g232x20 + g158x24+
g212x33 + g150x34 + g137x36 + g145x40 + g197x48 + g55x65 + g179x66 + g172x68 + g78x72+
g218x80 + gx96 + g104x129 + g251x132 + g70x136 + g243x160 + g77x192
x 7→ x3 + g103x5 + g205x6 + g191x9 + g185x10 + g100x12 + g133x18 + g104x20 + g124x24+
g143x34 + g173x36 + g240x40 + g135x48 + g185x65 + g121x66 + g19x68 + g237x72 + g23x80+
g114x96 + g115x129 + g21x130 + g86x132 + g76x136 + g105x144 + g120x160 + g234x192
from F28 → F28 , where g is a generator of F
∗
28 .
Finally, we apply the switching construction of Edel and Pott [EP09] to all the known and new
quadratic APN functions in dimension n = 7 and n = 8, which lead to the discovery of another 188
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CCZ-inequivalent APN instances in dimension n = 8. By using the sboxU tool [Per17], we have
checked that none of the APN functions we found is CCZ-equivalent to a permutation.
The source code of our algorithms is available at https://github.com/cbe90/quadratic_apn.
The look-up tables of the 12,923 new APN instances in dimension eight are available in [BL20].
2 Preliminaries
Let us denote by F2 = {0, 1} the finite field with two elements and, for a positive integer n, let F
n
2
denote the n-dimensional vector space over it. By GL(n,F2) we denote the group of invertible n×n
matrices over F2 and by AGL(n,F2) we denote the group of affine permutations on F
n
2 . Such an affine
permutation can be represented as x 7→ Lx + b for L ∈ GL(n,F2) and b ∈ F
n
2 . Notation-wise, we
are going to use elements of GL(n,F2) and the linear functions that they represent interchangeably
throughout this work. In other words, for an element L ∈ GL(n,F2), we denote the linear function
x 7→ Lx also by L. The symbol In denotes the identity matrix in GL(n,F2).
For an element M ∈ GL(n,F2), we denote by ord(M) the multiplicative order of M , which is
defined as the smallest positive integer i such that M i = In. Similarly, for x ∈ F
n
2 , we denote by
ordM (x) the smallest positive integer i for which M
i(x) = x. The minimal polynomial of a matrix
M over F2 is defined as the polynomial p ∈ F2[X ] of least degree such that p(M) = 0.
For a polynomial q = Xn + qn−1X
n−1 + · · ·+ q1X + q0 ∈ F2[X ], the companion matrix of q is
defined as the n× n matrix
Comp(q) :=

0 q0
1 0 q1
. . .
. . .
...
1 0 qn−2
1 qn−1
 ,
which is an element of GL(n,F2) if and only if q0 = 1. For x ∈ F
n
2 , we denote by wt(x) the Hamming
weight of x.
2.1 Representations of Vectorial Boolean Functions
For a comprehensive introduction to (vectorial) Boolean functions, we refer to [Car10a, Car10b].
Here, we recall the most-important concepts needed in the remaining part of the paper. Note that
in the following, we restrict to the case of functions from Fn2 to itself.
A vectorial Boolean function F : Fn2 → F
n
2 can be uniquely expressed as a multivariate polyno-
mial in Fn2 [X1, . . . , Xn]/(X
2
1+X1, . . . , X
2
n+Xn) via the algebraic normal form (ANF). In particular,
there exist au ∈ F
n
2 such that
F (x1, . . . , xn) =
∑
u∈Fn2
au ∏
i∈{1,...,n}
xuii
 .
The algebraic degree of F is defined as max{wt(u) | au 6= 0, u ∈ F
n
2}. The function F is called
affine if it is of algebraic degree at most 1 and it is called quadratic if it is of algebraic degree 2.
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The coefficients au of the ANF can be obtained by the so-called binary Mo¨bius transform via
au =
∑
x∈Fn2 ,xu
F (x) ,
where the relation x  u holds if and only if, for all i ∈ {1, . . . , n}, we have ui = 0⇒ xi = 0.
There is a vector space isomorphisms between the finite field F2n with 2
n elements and Fn2 and
any function F : Fn2 → F
n
2 can also be represented as a univariate polynomial in F2n [X ]/(X
2n +X)
via
F : F2n → F2n , x 7→
2n−1∑
i=0
ωix
i, ωi ∈ F2n .
The Walsh transform of F at (α, β) ∈ Fn2 × F
n
2 is defined as
F̂ (α, β) =
∑
x∈Fn2
(−1)〈α,x〉+〈β,F (x)〉 ,
where 〈x, y〉 denotes the inner product of the vectors x, y ∈ Fn2 , defined as 〈x, y〉 :=
∑n
i=1 xiyi
mod 2. The multiset {|F̂ (α, β)| | α, β ∈ Fn2} is called the extended Walsh spectrum of F . For β ∈
F
n
2 \{0}, the function Fβ : x 7→ 〈β, F (x)〉 is called a component of F and maxα∈Fn2 ,β∈Fn2 \{0} |F̂ (α, β)|
is called the linearity of F . The linearity of F can be understood as a measure of how well a
component function of F can be approximated by an affine function. In particular, a linearity of
2n corresponds to the case of F having an affine component.
The difference distribution table (DDT) of a function F : Fn2 → F
n
2 is the n× n integer matrix
that contains |{x ∈ Fn2 | F (x) + F (x + α) = β}| in the entry in row α and column β, where the
vectors α and β are interpreted as integers. The differential spectrum of F is defined as the multiset
of entries in the DDT of F .
2.2 Equivalence Relations of Vectorial Boolean Functions
Let F,G : Fn2 → F
n
2 be vectorial Boolean functions in dimension n. There are several well-known
equivalence relations on vectorial Boolean functions which preserve both the differential spectrum
(and thus the APN property) as well as the extended Walsh spectrum. The function G is linear-
equivalent to F if there exist A,B ∈ GL(n,F2) such that F ◦ A = B ◦ G. We say that G is
extended affine-equivalent (EA-equivalent) to F if there exist A,B ∈ AGL(n,F2) and an affine, not
necessarily invertible, function C : Fn2 7→ F
n
2 such that F ◦A = B ◦G+ C. Let us finally recall the
notion of CCZ-equivalence [BCP06, CCZ98]. By ΓF := {(x, F (x)) | x ∈ F
n
2}, we denote the graph
of F . The functions F and G are called CCZ-equivalent if there exists σ ∈ AGL(2n,F2) such that
ΓG = σ(ΓF ). Within the above notions, CCZ-equivalence is the most general notion of equivalence.
The following is an important result for quadratic APN functions.
Theorem 1 ([Yos12]). Two quadratic APN functions F,G : Fn2 → F
n
2 are EA-equivalent if and only
if they are CCZ-equivalent.
Therefore, since our focus is on quadratic APN functions, we are going to separate the functions
we find up to EA-equivalence and we do not provide more than one representative of each EA-
equivalence class. Such an EA-equivalence class (resp., a CCZ-equivalence class in case that F is
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not quadratic) will also be called called an instance throughout this paper, which is represented by
one member of the class.
The LE-automorphism group (see [BBL20]) of a function F : Fn2 → F
n
2 is defined as
AutLE(F ) :=
{[
A 0
0 B
]
∈ GL(2n,F2) | A,B ∈ GL(n,F2) and F ◦A = B ◦ F
}
.
If a function F admits a non-trivial element in[
A 0
0 B
]
∈ AutLE(F ) ,
we also say that F is linearly self-equivalent with respect to the tuple (B,A).
Self-equivalences of vectorial Boolean functions in small dimension have already been considered
in the PhD thesis [DC07]. Note that if F : Fn2 → F
n
2 and G : F
n
2 → F
n
2 are linear-equivalent, we
have AutLE(F ) ∼= AutLE(G), where ∼= denotes the isomorphism relation of groups. Therefore, it is
enough to consider only one single representative in each linear-equivalence class when determining
the linear self-equivalences.
3 A Recursive Tree Search for Quadratic APN Functions
Our idea for finding new instances of APN functions is to apply a recursive tree search very similar
to [BBL20, Algorithm 1]. The main differences are that the algorithm given here avoids the restric-
tion to search for permutations only and that an additional filter is applied for pruning branches
in case that the function cannot be quadratic. In this section, we explain the most basic variant
that searches for arbitrary n-bit quadratic APN functions, not necessarily admitting non-trivial
LE-automorphisms. The search can easily be adapted to only search for quadratic APN functions
admitting a particular LE-automorphism (see Section 4.2). Below, we briefly explain the method,
which is more formally specified in Algorithm 1.
In the beginning, the look-up table defined by the global array sbox is initialized to ⊥ at each
entry, where ⊥ denotes an undefined entry. This array sbox corresponds to the APN function F
to be constructed. In each iteration of NextVal, the procedure isComplete first checks whether
the array sbox is completely defined (no more entries marked ⊥ left). If it is completely defined,
the algorithm has found a quadratic APN function and returns sbox as the solution. Otherwise, it
chooses the next undefined entry x (procedure NextFreePosition) and sets F (x) to a random
value y (the order in which the random values are selected in each depth are determined by the
Shuffle procedure that is performed in the beginning). After fixing F (x), the algorithm checks
whether F can still be both APN and quadratic (procedure AddPoint). If this cannot be the case,
the actual branch is pruned and x is set to the next possible value y. In case of no contradiction to
both properties, the algorithm iterates by the recursive call.
Note that, since the running time of Algorithm 1 can be huge in cases where no quadratic APN
is found, we abort and restart after a pre-defined amount of time (e.g., 10 seconds for n = 7).
APN Check. Each time we set F (x) to a new value y, we need to check whether F can still
be APN. This is performed in exactly the same way as explained in [BBL20]. In particular, the
function addDDTInformation(x) dynamically changes the DDT according to the newly set point
at position x. The DDT is stored in a global array which is initialized to 0 before calling Algorithm
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1. Similarly, each time we reset F (x) to be undefined, the function removeDDTInformation(x)
applies the changes to the DDT. For more details, we refer to [BBL20] and to our source code.
Degree Check. Each time we set F (x) to a new value y, we check whether we can deduce the
existence of a monomial of degree higher than 2 in the algebraic normal form of F . If this is the
case, we abort in the current branch of the search. The check is performed by calling the function
addDegreeInformation(x), which is defined below. The function dynamially changes the global
arrays ctr and sum, both of size 2n, which are initialized to 0 before calling Algorithm 1. Below,
the symbol ⊕ denotes the bitwise XOR operation in order to be distinguishable by the addition of
integers, denoted +.
1: function addDegreeInformation(x)
2: for u ∈ [1, . . . , 2n − 1] such that wt(u) ≥ 3 and x  u do
3: ctr[u]← ctr[u] + 1
4: sum[u]← sum[u]⊕ sbox[x]
5: if ctr[u] = 2wt(u) then ⊲ All x with x  u have been considered
6: if sum[u] 6= 0 then ⊲ We have au 6= 0 in the ANF of F
7: return 0
8: end if
9: end if
10: end for
11: return 1
12: end function
When F (x) is reset to be undefined, we need to update the arrays ctr and sum by calling
removeDegreeInformation(x), which is defined as follows.
1: function removeDegreeInformation(x)
2: for u ∈ [1, . . . , 2n − 1] such that wt(u) ≥ 3 and x  u do
3: ctr[u]← ctr[u]− 1
4: sum[u]← sum[u]⊕ sbox[x]
5: if ctr[u] = 2wt(u) − 1 then
6: if sum[u] 6= sbox[x] then
7: return 0
8: end if
9: end if
10: end for
11: return 1
12: end function
3.1 EA-equivalence Check
For each quadratic APN function that we find, we need to check whether it is a new instance or
whether a representative from its EA-class is already known. Remember that for two quadratic
APN functions, EA-equivalence coincides with CCZ-equivalence. To perform the check efficiently
we use the following method by Canteaut and Perrin, explained in an invited talk at Boolean
Functions and their Application (BFA) 2020.
Proposition 1 ([CP20]). Let F : Fn2 → F
n
2 be a quadratic APN function. The ortho-derivative of
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Algorithm 1 QuadraticAPNSearch
Input: Global array sbox of size 2n, initialized to sbox[i] = ⊥, for all i ∈ {0, . . . , 2n − 1}. Global
2-dimensional array P of size 2n × 2n with each P [i] initialized to [0, . . . , 2n − 1] for all i ∈
{0, . . . , 2n − 1}.
Output: A quadratic n-bit APN function F if it exists.
1: for i ∈ [0, . . . , 2n − 1] do
2: Shuffle(P [i]) ⊲ Applies a Fisher-Yates shuffle each array P [i]
3: end for
4: sbox[0]← 0
5: addPoint(0)
6: nextVal(0)
7: return sbox
8: function nextVal(depth)
9: if isComplete(sbox) then ⊲ Checks if sbox contains no ⊥
10: go to 7
11: end if
12: x← nextFreePosition() ⊲ Chooses the smallest i s.t. sbox[i] 6= ⊥
13: for z ∈ [0, . . . , 2n − 1] do
14: y ← P [depth][z]
15: sbox[x]← y
16: if not addPoint(x) then
17: go to 20
18: end if
19: nextVal(depth + 1)
20: sbox[x]← ⊥
21: removePoint(x)
22: end for
23: end function
24: function addPoint(c)
25: if addDDTInformation(c) then
26: return addDegreeInformation(c)
27: end if
28: return 0
29: end function
30: function removePoint(c)
31: if removeDDTInformation(c) then
32: removeDegreeInformation(c)
33: end if
34: end function
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F is defined as the unique function ΠF : F
n
2 → F
n
2 with ΠF (0) = 0 such that, for all α ∈ F
n
2 \ {0},
we have
∀x ∈ Fn2 : ΠF (α) · (F (x) + F (x+ α) + F (α) + F (0)) = 0 .
For two EA-equivalent APN functions F,G : Fn2 → F
n
2 , the ortho-derivatives ΠF and ΠG are
affine-equivalent.
Testing two quadratic APN functions for EA-equivalence is now fairly simple. One just computes
the corresponding ortho-derivatives and evaluate their extended Walsh spectra and differential
spectra. The important observation is that those are (strongly discriminating) invariants for the EA-
equivalence. If either the two extendedWalsh spectra or the two differential spectra are different, the
ortho-derivatives cannot be affine-equivalent and hence, the two quadratic APN functions cannot
be EA-equivalent. The implementation for computing the ortho-derivative is contained in the latest
version of sboxU [Per17]. This method is much more efficient than checking the code equivalence
with Magma [BCP97].
Functions being detected as EA-inequivalent by this check are for sure EA-inequivalent. How-
ever, it might be the case that two EA-inequivalent functions are are not identified to be EA-
inequivalent because their ortho-derivatives might have identical differential and extended Walsh
spectra. However, this does not occur often. For example, all of the previously-known 8,190
quadratic 8-bit APN instances are identified to be EA-inequivalent. The complete check for all of
those 8,190 APN instances only takes a few minutes on a standard PC.
3.2 Results
We directly applied this approach to search for quadratic APN functions in dimension n = 7 and
found a lot of the already known APN instances. In particular, after running the search for about
72 CPUh, we also found the very recently discovered APN function presented in [KI20].
For larger values of n, this direct approach is not very efficient, therefore we are considering
linear self-equivalences in the following.
4 Considering LE-Automorphisms
We now describe our method for searching quadratic APN functions with non-trivial LE-automorphisms
in small dimension n and apply it to n = 7, n = 8, and n = 10.
4.1 Canonical classes of LE-Automorphisms
If we consider n-bit functions F with non-trivial elements[
A 0
0 B
]
∈ AutLE(F )
and are only interested in a classification of such F up to linear-equivalence,1 we can significantly
reduce the number of tuples (B,A) that we need to consider. The following ideas and reductions
have already been presented in [BBL20] with a focus on the case of F being a permutation.
As a first important reduction, we only need to consider A and B of prime order.
1We cannot use EA-equivalence here because the property of admitting a non-trivial LE-automorphism is not
invariant under EA-equivalence.
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Lemma 1 ([BBL20]). Let F : Fn2 → F
n
2 for which there exists a non-trivial automorphism in
AutLE(F ). Then, F ◦A = B ◦ F with A,B ∈ GL(n,F2) such that either
1. ord(A) = ord(B) = p for p prime, or
2. B = In and ord(A) = p for p prime,or
3. A = In and ord(B) = p for p prime.
Two elements M,M ′ ∈ GL(n,F2) are called similar, denoted M ∼ M
′, if there exists P ∈
GL(n,F2) such that M
′ = P−1MP . Similarity is an equivalence relation on elements in GL(n,F2)
and we can provide a representative of each equivalence class by the so-called rational canonical
form.
Lemma 2. (Rational Canonical Form)[DF04, Page 476] Every element M ∈ GL(n,F2) is similar
to a unique M ′ ∈ GL(n,F2) of the form
Comp(qr)
Comp(qr−1)
. . .
Comp(q1)

for polynomials qi such that qr | qr−1 | · · · | q1. The matrix M
′ in the form above is called the
rational canonical form of M , denoted RCF(M).
If we want to collect all LE-automorphisms in order to classify all functions F : Fn2 → F
n
2 that
admit a non-trivial linear self-equivalence up to linear-equivalence, we can without loss of generality
assume that A and B are in rational canonical form. This is because if A′ ∼ A and B′ ∼ B, there
exists a function G which is linear-equivalent to F such that G ◦A′ = B′ ◦G.
The following definition and lemma allows to reduce the search space even further.
Definition 2 ([BBL20]). Let A,B,C,D ∈ GL(n,F2) be of order p for p prime. The tuple (A,B)
is said to be power-similar to the tuple (C,D), denoted (A,B) ∼p (C,D), if there exists i ∈ N such
that A ∼ Ci and B ∼ Di.
Power-similarity defines an equivalence relation on the tuples of matrices in GL(n,Fn2 ) of the
same prime order. Therefore, the following holds.
Lemma 3 ([BBL20]). Let F : Fn2 → F
n
2 with an automorphism[
A 0
0 B
]
∈ AutLE(F )
for A,B ∈ GL(n,F2) being of prime order p. For every (B˜, A˜) power-similar to (B,A), there is a
function G linear-equivalent to F such that[
RCF(A˜) 0
0 RCF(B˜)
]
∈ AutLE(G) . (1)
By applying the above Lemmas 1 and 3 to the cases of n = 7, n = 8, and n = 10, we only
obtain a very limited number of tuples (B,A) to consider. We call those canonical classes of
LE-automorphisms.
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n = 7. All linear-equivalence classes of functions F : Fn2 → F
n
2 which admit a non-trivial linear
self-equivalence can be obtained by considering 128 canonical classes for tuples (B,A): 56 classes
with ord(A) = ord(B) = p for p prime, 36 classes with B = In and ord(A) = p for p prime, and 36
classes with A = In and ord(B) = p for p prime.
n = 8. All linear-equivalence classes of functions F : Fn2 → F
n
2 which admit a non-trivial linear
self-equivalence can be obtained by considering 157 canonical classes for tuples (B,A): 75 classes
with ord(A) = ord(B) = p for p prime, 41 classes with B = In and ord(A) = p for p prime, and 41
classes with A = In and ord(B) = p for p prime.
The tuples (B,A) and their corresponding class indices can be found along with our source code
at https://github.com/cbe90/quadratic_apn.
4.2 Finding quadratic APN functions in the canonical classes
If we are searching for APN functions (not necessarily quadratic) with non-trivial LE-automorphisms,
we do not have to check all of the canonical classes, as outlined in the following two lemmas. For a
matrix M ∈ GL(n,F2), let us denote by FixM the set of fixpoints of M , which is a linear subspace
of Fn2 .
Lemma 4. Let A,B ∈ GL(n,F2). If B has strictly less fixpoints than A, any function F : F
n
2 → F
n
2
with F ◦A = B ◦ F cannot be APN.
Proof. Let F be such that F ◦ A = B ◦ F . For all x ∈ FixA, we have F (x) = B(F (x)), thus
{F (x) | x ∈ FixA} ⊆ FixB. Since FixA and FixB are linear subspaces of F
n
2 , if |FixB| < |FixA|, the
image of the restriction of F on the subspace FixA (with dimFixA = k) is contained in a subspace
of smaller dimension ℓ ≤ k. If F is APN, this would imply the existence of an APN function from
F
k
2 to F
ℓ
2, which cannot exist.
The following lemma is a direct implication from [Cze20] and states that classes of the form
(In, A) only need to be considered if A consist of many cycles.
Lemma 5. Let A ∈ GL(n,F2) and let F : F
n
2 → F
n
2 be an APN function with F ◦ A = F . Let us
denote by c be the number of distinct cycles of A. If n is even, we have c ≥ 2
n+2
3 , and, if n is odd,
we have c ≥ 2
n+1
3 .
Proof. For an n-bit function F with F ◦ A = F , we have for the image size |{F (x) | x ∈ Fn2}| ≤ c.
From [Cze20], the image size of an n-bit APN function is at least 2
n+2
3 if n is even, resp.,
2n+1
3 is
n is odd.
For n = 7, the above lemmas imply that Classes 3, 32, 33, 41, 42, 44, 49, 50, 53, 57–86, and all
class indices ≥ 93 cannot yield APN functions. For n = 8, Classes 23, 35–37, 45, 46, 50, 57–62, 66,
67, 71, 76–108, and all class indices ≥ 117 cannot yield APN functions.
For the remaining canonical classes of LE-automorphisms, we can perform a randomized tree
search for quadratic APN functions similar to the search described in Algorithm 1. The main
difference is that, once we fix an element F (x) = y, we automatically fix F (Ai(x)) = Bi(y), i ∈
{1, . . . , ordA(x) − 1} as well. Moreover, if A and B have an identical number of fixpoints, we set
the restriction of F on FixA to an APN function (see line 6 of Algorithm 2). More precisely, let F
be a quadratic APN function with F ◦ A = B ◦ F , where dimFixA = dimFixB = k. Let further
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πA : F
k
2 → FixA and πB : F
k
2 → FixB be (vector space) isomorphisms. Then, there exists a quadratic
APN function G : Fk2 → F
k
2 such that, for all x ∈ F
k
2 , we have F (πA(x)) = πB(G(x)). It is not clear
that we can choose G up to EA-equivalence. However, in our randomized search, we only select G
from a pre-defined list of EA-representatives.
The function RandAPN called in Algorithm 2 chooses this random APN function G from the
list of quadratic k-bit APN instances. For example, if k = 6, it chooses one of the 13 quadratic
APN instances uniformly at random. We refer to our source code for the list of EA-representatives
from which we choose.
The pseudocode of this search strategy is listed in Algorithm 2. Note that this algorithm might
terminate without returning a quadratic APN function, even if it exists. This is the case if G
chosen in line 6 does not yield a quadratic n-bit APN function, while another choice of G would.
Again, if the algorithm does not return a solution within a previously-defined amount of time (i.e.,
60 seconds for n = 8), we start it again.
Special cases. There are some special cases of classes for which Algorithm 2 is slightly varied.
Those cases are the LE-automorphisms for which 1 < |FixA| < |FixB|. If 2 = |FixA| < |FixB|
with FixA = {0, x}, we set, without loss of generality, F (x) = πB(1) in the beginning before calling
NextVal(0). However, if 2 < |FixA| < |FixB|, besides F (0) = 0, we do not set any point in the
beginning. Instead, we first select those positions x for which ordA(x) > 1 inNextFreePosition()
and the fixpoints of A last. This allows to fix large cycles first. We refer to our source code for
more details.
Deterministic search. It is possible to slightly vary Algorithm 2 in order to perform a deter-
ministic search for quadratic APN instances with the particular LE-automorphism. In particular,
we run the search for all possible choices of quadratic k-bit APN instances G and do not abort till
it terminates. Similarly as it was done in the exhaustive search presented in [BBL20], we might
call NextVal(depth + 1) only if F is the smallest representative (up to some previously-defined
ordering) in the set {CB ◦ F ◦ CA | CA ∈ CA, CB ∈ CB}, where CA (resp., CB) is a subset of all
elements in GL(n,F2) that commute with A (resp., B) and which are the identity on FixA (resp.,
FixB). Note that this method does not necessarily conduct an exhaustive search as it is not always
clear that we can select G up to EA-equivalence.
For each canonical class of LE-automorphisms, before starting the randomized search, we first
tried whether the deterministic search terminates in short time (i.e., a few minutes to hours). If
this is the case, we do not invoke the randomized search.
Results for n = 7. Applying this approach for searching quadratic APN functions with non-
trivial LE-automorphisms in n = 7 does not yield new instances. The only APN functions found
are those which are EA-equivalent to univariate polynomials with coefficients in F2. Quadratic
APN polynomials with coefficients in F2 have already been classified for n = 7, see [YKBL20].
Note that we do not claim that those are all the existing quadratic APN instances with non-trivial
LE-automorphisms, since our search is not exhaustive.
Results for n = 8. To the best of our knowledge, there are 8,190 known instances of 8-bit
APN functions, i.e., the 23 instances listed in [EP09], the 8,157 instances constructed by the QAM
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Algorithm 2 QuadraticAPNSearchAB
Input: Matrices A,B ∈ GL(n,F2). Global array sbox of size 2
n, initialized to sbox[i] = ⊥, for all
i ∈ {0, . . . , 2n − 1}. Global 2-dimensional array P of size 2n × 2n with each P [i] initialized to
[0, . . . , 2n − 1] for all i ∈ {0, . . . , 2n − 1}.
1: for i ∈ [0, . . . , 2n − 1] do
2: Shuffle(P [i]) ⊲ Applies a Fisher-Yates shuffle to each array P [i]
3: end for
4: sbox[0]← 0, addPoint(0)
5: if |FixA| = |FixB| = k then ⊲ Set F on the fixpoints of A to a random
6: G← RandAPN(k) ⊲ quadratic k-bit APN up to EA-equivalence
7: for x ∈ Fk2 do
8: sbox[πA(x)]← πB(G(x)), addPoint(πA(x))
9: end for
10: end if
11: nextVal(0)
12: return sbox
13: function nextVal(depth)
14: if isComplete(sbox) then ⊲ Checks if sbox contains no ⊥
15: go to 12
16: end if
17: x← nextFreePosition() ⊲ Chooses the smallest i s.t. sbox[i] 6= ⊥
18: for z ∈ [0, . . . , 2n − 1] do
19: y ← P [depth][z]
20: if ordA(x) ≥ ordB(y) then
21: xS ← x, yS ← y
22: for i ∈ [0, 1, . . . , ordA(x) − 2] do
23: sbox[xS]← yS
24: if not addPoint(xS) then
25: go to 34
26: end if
27: xS ← A(xS), yS ← B(yS)
28: end for
29: sbox[xS]← yS
30: if not addPoint(xS) then
31: go to 34
32: end if
33: nextVal(depth + 1)
34: repeat
35: sbox[xS]← ⊥, removePoint(xS)
36: xS ← A−1(xS)
37: until xS = A−1(x)
38: end if
39: end for
40: end function
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method [YWL13, YWL14], and the 10 instances presented in [WTG13].2 Surprisingly, with our
approach, we find 12,735 new instances of quadratic APN functions. In particular, Algorithm 2
finds quadratic APN functions within 9 different classes of LE-automorphisms (see Table 1). For
each canonical class of LE-automorphisms that could not be directly excluded by Lemma 4 or
Lemma 5, we perfomed the search for a few CPU days at most.3 Again, we do not make any claim
on completeness.
The extended Walsh spectra of all of those 12,735 new instances belongs to one of the six spectra
W0, . . . ,W6 listed below. By a : m, we denote that the value a occurs with multiplicity m in the
multiset. The spectraW0,W1, andW2 have already been known to be valid extended Walsh spectra
of 8-bit APN functions while there was no previously-known APN function with extended Walsh
spectrum W3,W4, or W5.
W0 = {0 : 16320, 16 : 43520, 32 : 5440} i.e., classical spectrum
W1 = {0 : 15600, 16 : 44544, 32 : 5120, 64 : 16}
W2 = {0 : 14880, 16 : 45568, 32 : 4800, 64 : 32}
W3 = {0 : 14160, 16 : 46592, 32 : 4480, 64 : 48} (new)
W4 = {0 : 13440, 16 : 47616, 32 : 4160, 64 : 64} (new)
W5 = {0 : 12540, 16 : 48640, 32 : 4096, 128 : 4} (new)
Certainly, W5 is the most interesting extended Walsh spectrum since it corresponds to 8-bit
functions with linearity 27 and we found 4 such instances of quadratic APN functions. Whether
quadratic n-bit APN functions with linearity 2n−1 exist was mentioned as an open problem in [Car18].
Before now, we only knew one such instance in dimension n = 6, see the list in [EP09]. Note that
2n−1 is the highest possible linearity of quadratic n-bit APN functions.
In Class 1, upto a change of basis, the matrix A corresponds to the multiplication by a non-zero
field element α ∈ F2n of multiplicative order 17 and the matrix B corresponds to the multiplication
by α3. Thus, as a solution, we find the APN function x 7→ x3. Similarly, in Class 2, the matrix
A corresponds to the multiplication by a non-zero field element α ∈ F2n of multiplicative order 17
and the matrix B corresponds to the multiplication by α9. Therefore, as a solution, we find the
APN function x 7→ x9.
Class 56 corresponds to those functions F whose univariate representation only contains coeffi-
cients in the subfield F24 .
Let ζ3 ∈ F
∗
28 be a third root of unity. Class 113 corresponds to those functions F for which
2Note that the 8-bit APN function recently found in [BCC+20b] is CCZ-equivalent to one of the APN functions
already presented in [WTG13].
3Note that a lot of classes terminate immediately without solutions.
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Table 1: Result of the search for n = 8 with Algorithm 2. For all class indices (no.) for which we
find solutions, we provide a lower bound on the number of distinct EA-classes of APN functions that
admit the particular LE-automorphism, separated by their extended Walsh spectra. The numbers
in parentheses indicate the number of new solutions, i.e., the number of instances that are not
contained in the previously known 8,190 instances of APN functions.
no. W0 W1 W2 W3 W4 W5
1 1 (0)
2 1 (0)
21 9 (9)
31 7 (6) 1 (1) 2 (2)
38 3 (0)
51 24 (22)
55 9,093 (9,090) 3,065 (3,065) 299 (297) 146 (146) 25 (25) 4 (4)
56 103 (80) 2 (2) 1 (1)
113 26 (0)
F (x) = F (ζ3x). Class 51 corresponds to the linear self-equivalence defined by
B =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0

A =

0 1 0 0 0 0 0 0
1 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 1 1 0 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 1 1 0 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 1

and Class 55 corresponds to the linear self-equivalence defined by
B =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0

A =

0 1 0 0 0 0 0 0
1 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 1 1 0 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 1 1 0 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 1

.
In both cases, up to a change of basis, A corresponds to the multiplication by ζ3. However, the
matrix B does not seem to have an easy to understand representation in the finite field. In both
cases, it neither corresponds to the multiplication by a finite field element nor to a linear mapping
of the form x 7→ x2
i
. Certainly, Class 55 is the most interesting case of linear self-equivalence, since
it lead to the vast majority of new APN instances, including those with linearity 27.
Let ζ5 ∈ F
∗
28 be a fifth root of unity. Class 38 corresponds to those functions F for which
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ζ5(F (x)) = F (ζ5x). Class 31 corresponds to the linear self-equivalence defined by
B =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0

A =

0 0 0 1 0 0 0 0
1 0 0 1 0 0 0 0
0 1 0 1 0 0 0 0
0 0 1 1 0 0 0 0
0 0 0 0 0 0 0 1
0 0 0 0 1 0 0 1
0 0 0 0 0 1 0 1
0 0 0 0 0 0 1 1

.
Again, up to change of basis, A corresponds to the multiplication by ζ5 and B neither corresponds
to the multiplication by a finite field element nor to a linear mapping of the form x 7→ x2
i
.
Finally, Class 21 corresponds to the linear self-equivalence defined by
B =

1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0

A =

1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0

.
The look-up tables of all of the new APN instances that we found in dimension n = 8 are
available in [BL20].
Results for n = 10. To the best of our knowledge, the only known APN instances for n = 10
are either monomial functions, one of the binomials defined in [EKP06] or those that come from
the infinite families given in [BC08], [BCL09], [Tan19], and [BHK20] (see the instances 10.1–10.16
in the list available at 4.
We applied our approach for n = 10 and found 5 APN instances which are CCZ-inequivalent to
the known 16 instances that come from infinite families and to the binomials from [EKP06]. The
look-up tables of those 5 functions are given in Appendix A.
5 Further APN Instances from the Switching Construction
In [EP09], the authors presented the switching construction which allows to generate new APN
instances from a given APN instance by replacing one of its component functions. With their
method, the only known APN instance which is neither CCZ-equivalent to a monomial function
nor to a quadratic function was found. Formally, the idea of the switching method is stated in the
following definition.
4https://boolean.h.uib.no/mediawiki/index.php/CCZ-inequivalent_representatives_from_the_known_APN_families_for_dimensions_up_to_11,
accessed September 15, 2020. As noted in the disclaimer, not all instances of the family given in [BCC+20a] could
have been checked. Therefore, it could be possible that our instances are coming from that family.
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Definition 3. Two functions F,G : Fn2 → F
n
2 are said to be switching neighbours if there exist a
Boolean function f : Fn2 → F2 and a non-zero vector v ∈ F
n
2 such that, for all x ∈ F
n
2 , we have
G(x) = F (x) + vf(x).
It has been shown in [EP09] that, if F : Fn2 → F
n
2 is an APN function, all APN functions that
are switching neighbours of F can be found by linear algebra. Indeed, for a fixed u, we can collect
all tuples (x, y, x + y, a), x, y, a ∈ Fn2 for which F (x) + F (x + a) + F (y) + F (y + a) = u holds and
determine the linear equations
f(x) + f(x+ a) + f(y) + f(y + a) = 0 .
The value vector of f is then recovered by solving this system of linear equations.
We applied this method to all of the known and new APN instances for n = 7 and n = 8. For
n = 8, this lead to even more APN functions. In particular, we found 188 new APN instances by
applying the switching construction. All of those functions are quadratic. The look-up tables of
those 188 functions are available in the dataset [BL20].
6 Conclusion
We have presented a new method for searching quadratic APN functions in small dimension and
we have shown that quadratic APN functions with linearity 2n−1 exist besides the case of n = 6.
An open question is whether APN functions with linearity 2n−1 exist in any even dimension n. To
answer this question, it would be interesting to generalize one of the four eight-bit APN functions
with high linearity presented in this work to an infinite family. Another question is whether the
list of known extended Walsh spectra of quadratic APN functions in dimension n = 8 is complete.
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A New APN Instances in Dimension 10
We provide the look-up tables of the five new quadratic APN instances found in dimension 10. The
values are represented in hexadecimal notation. The following function T1 is such that T1 ◦ A =
B ◦ T1, where
B =

0 0 0 0 0 0 0 0 0 1
1 0 0 0 0 0 0 0 0 1
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 1
0 0 0 1 0 0 0 0 0 1
0 0 0 0 1 0 0 0 0 1
0 0 0 0 0 1 0 0 0 1
0 0 0 0 0 0 1 0 0 1
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 1

A =

0 0 0 0 0 0 0 0 0 1
1 0 0 0 0 0 0 0 0 1
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 1
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 1

.
T1 : [000, 000, 000, 001, 000, 2da, 002, 2d9, 000, 341, 34f, 00f, 004, 19f, 349, 2d3, 000, 191, 079, 1e9, 065, 32e, 01e, 354, 008, 2d8, 33e, 1ef, 069, 063, 35d, 356,
000, 1c7, 322, 2e4, 0f2, 3ef, 3d2, 0ce, 0ca, 24c, 0a7, 220, 03c, 060, 053, 00e, 010, 046, 34b, 31c, 087, 20b, 3de, 153, 0d2, 3c5, 0c6, 3d0, 041, 18c, 057, 19b,
000, 1e5, 38e, 26a, 0bf, 380, 333, 00d, 1e4, 340, 125, 380, 15f, 121, 19c, 1e3, 194, 1e0, 263, 216, 14e, 3e0, 2bb, 014, 078, 34d, 0c0, 3f4, 0a6, 149, 01c, 1f2,
020, 002, 08c, 0af, 06d, 295, 0c3, 23a, 10e, 26d, 2ed, 18f, 147, 0fe, 2a6, 31e, 1a4, 017, 171, 0c3, 18c, 2e5, 15b, 233, 082, 270, 318, 1eb, 0ae, 086, 336, 31f,
000, 1cb, 3ca, 200, 1e7, 2f6, 22f, 13f, 17e, 3f4, 1fb, 370, 09d, 0cd, 01a, 04b, 3c8, 392, 07b, 020, 24a, 0ca, 1fb, 37a, 2be, 1a5, 242, 158, 338, 2f9, 3c6, 206,
328, 324, 3c0, 3cd, 23d, 0eb, 2d7, 000, 29c, 1d1, 13b, 277, 38d, 21a, 028, 1be, 0f0, 16d, 061, 1fd, 180, 2c7, 113, 255, 14c, 390, 292, 04f, 038, 03e, 3e4, 3e3,
040, 06e, 004, 02b, 118, 3ec, 15e, 3ab, 0da, 3b5, 3d1, 0bf, 186, 033, 28f, 33b, 21c, 3a3, 221, 39f, 321, 044, 31e, 07a, 28e, 070, 1fc, 303, 3b7, 393, 0c7, 0e2,
348, 2a1, 02e, 1c6, 2e2, 1d1, 186, 2b4, 318, 1b0, 331, 198, 2b6, 2c4, 29d, 2ee, 104, 17c, 21b, 262, 0cb, 269, 3d6, 175, 15c, 265, 10c, 234, 097, 174, 0c5, 127,
000, 0ba, 396, 32d, 16f, 30f, 2fb, 09a, 3ce, 035, 317, 0ed, 2a5, 384, 27e, 35e, 2fc, 3d7, 113, 039, 3f6, 007, 01b, 3eb, 13a, 350, 19a, 3f1, 034, 084, 096, 027,
16b, 016, 1df, 0a3, 0f6, 351, 040, 3e6, 26f, 053, 194, 3a9, 3f6, 310, 00f, 0e8, 387, 36b, 34a, 3a7, 27f, 049, 2b0, 087, 08b, 326, 309, 0a5, 177, 000, 2f7, 381,
0ab, 1f4, 0b3, 1ed, 17b, 2fe, 161, 2e5, 281, 09f, 1d6, 3c9, 355, 391, 000, 0c5, 3c3, 30d, 3a2, 36d, 276, 062, 215, 000, 1e1, 26e, 2cf, 141, 050, 105, 37c, 228,
1e0, 178, 2da, 243, 0c2, 280, 3fa, 1b9, 300, 0d9, 375, 0ad, 226, 325, 251, 353, 298, 391, 1db, 0d3, 3df, 00c, 09e, 34c, 070, 238, 07c, 235, 133, 1a1, 13d, 1ae,
080, 1f1, 0dc, 1ac, 008, 3a3, 056, 3fc, 230, 000, 123, 312, 2bc, 256, 1ad, 146, 1b4, 154, 191, 170, 159, 363, 17e, 345, 30c, 0ad, 066, 3c6, 3e5, 29e, 08d, 1f7,
2c3, 275, 1bd, 10a, 2b9, 0d5, 1c5, 3a8, 0b9, 34e, 088, 37e, 0c7, 1ea, 0f4, 1d8, 3e7, 2c0, 0e0, 1c6, 3f8, 005, 0fd, 301, 195, 3f3, 1dd, 3ba, 18e, 132, 1c4, 179,
06b, 0ff, 3b9, 32c, 05c, 212, 38c, 1c3, 33f, 0ea, 3a2, 076, 30c, 203, 393, 29d, 0cb, 1ce, 360, 264, 099, 346, 330, 0ee, 397, 1d3, 373, 136, 3c1, 35f, 327, 3b8,
208, 35b, 2f8, 3aa, 2cd, 144, 23f, 1b7, 196, 384, 229, 03a, 157, 19f, 2ea, 223, 2b8, 27a, 231, 2f2, 218, 000, 293, 08a, 12e, 2ad, 2e8, 16a, 18a, 0d3, 24e, 316,
000, 222, 174, 357, 1d7, 12f, 0a1, 058, 2de, 3bd, 0e5, 187, 30d, 0b4, 134, 28c, 167, 2d4, 06a, 3d8, 0d5, 1bc, 1da, 0b2, 3b1, 343, 1f3, 100, 207, 02f, 047, 26e,
303, 0e6, 155, 2b1, 226, 319, 072, 14c, 117, 1b3, 00e, 0ab, 036, 248, 12d, 352, 274, 000, 05b, 22e, 334, 39a, 119, 1b6, 068, 15d, 108, 03c, 12c, 2c3, 04e, 3a0,
2d6, 111, 02c, 3ea, 3be, 2a3, 146, 05a, 1ec, 16a, 059, 0de, 080, 2dc, 137, 36a, 225, 073, 0a6, 2f1, 328, 3a4, 1a9, 124, 117, 000, 0db, 1cd, 01e, 3d3, 1d0, 21c,
1f5, 3f5, 02d, 22c, 06f, 0b5, 1b5, 16e, 205, 344, 092, 1d2, 39b, 000, 10e, 294, 116, 287, 0b7, 327, 0e9, 1a2, 14a, 000, 2ee, 23e, 000, 0d1, 315, 11f, 1f9, 3f2,
156, 2bf, 3e8, 000, 166, 055, 3da, 2e8, 2f6, 25e, 307, 3ae, 2c2, 0b0, 331, 142, 3f9, 181, 13e, 347, 3ac, 30e, 169, 1ca, 051, 168, 1d9, 0e1, 000, 3e3, 18a, 268,
17d, 353, 0e1, 2ce, 1bf, 14b, 021, 0d4, 217, 378, 0c4, 1aa, 2d1, 164, 000, 3b4, 3c2, 07d, 227, 199, 365, 200, 282, 3e6, 0a0, 05e, 20a, 2f5, 003, 227, 2ab, 08e,
3c0, 1cc, 2f0, 0fd, 34f, 399, 27d, 2aa, 184, 0c9, 3fb, 2b7, 10f, 298, 372, 0e4, 0fb, 366, 1b2, 22e, 011, 156, 15a, 01c, 2b7, 26b, 0b1, 06c, 259, 05f, 05d, 25a,
3cb, 000, 1d9, 213, 3b6, 2a7, 1a6, 0b6, 145, 1cf, 018, 093, 13c, 36c, 063, 232, 0e0, 2ba, 28b, 0d0, 0f8, 078, 291, 210, 266, 37d, 342, 258, 27a, 1bb, 35c, 09c,
100, 398, 3e2, 17b, 1b8, 1fa, 358, 31b, 010, 1c9, 1bd, 065, 0ac, 3af, 103, 201, 29b, 192, 000, 308, 246, 395, 0df, 10d, 383, 3cb, 257, 21e, 35a, 1c8, 28c, 01f,
368, 037, 2a8, 1f6, 322, 2a7, 2e0, 364, 2b2, 2ac, 03d, 022, 2fc, 038, 071, 2b4, 0e3, 22d, 15a, 395, 0cc, 0d8, 177, 162, 131, 0be, 3c7, 249, 11a, 24f, 3ee, 0ba,
37d, 000, 211, 16d, 37a, 2dd, 214, 3b2, 389, 3b5, 1aa, 197, 38a, 16c, 1ab, 34c, 172, 39e, 067, 28a, 110, 126, 007, 030, 18e, 023, 3d4, 278, 1e8, 29f, 3b0, 0c6,
135, 38f, 37b, 1c0, 1c0, 1a0, 38c, 3ed, 10b, 0f0, 00a, 1f0, 1fa, 2db, 0f9, 3d9, 32a, 001, 11d, 237, 3ba, 24b, 18f, 07f, 31c, 376, 264, 20f, 388, 138, 2f2, 043,
0d6, 385, 1fe, 2ac, 189, 000, 0a3, 12b, 0b8, 0aa, 2df, 2cc, 1e3, 32b, 386, 14f, 085, 247, 1d4, 317, 1bf, 1a7, 0ec, 0f5, 0e3, 160, 2fd, 37f, 1dd, 284, 3c1, 099,
196, 302, 39c, 109, 03b, 075, 233, 27c, 132, 0e7, 077, 1a3, 09b, 394, 1dc, 2d2, 1d5, 2d0, 3a6, 0a2, 01d, 1c2, 26c, 3b2, 179, 13d, 045, 000, 0b5, 22b, 18b, 314,
2eb, 05d, 04d, 2fa, 30b, 367, 1af, 1c2, 361, 296, 288, 37e, 285, 1a8, 36e, 042, 32c, 00b, 1f3, 2d5, 2a9, 354, 074, 188, 2ae, 2c8, 33e, 359, 32f, 193, 2bd, 000,
38b, 0fa, 20f, 17f, 299, 332, 31f, 2b5, 2cb, 2fb, 000, 031, 3dd, 137, 114, 3ff, 25c, 0bc, 3a1, 140, 32b, 311, 2d4, 2ef, 314, 2b5, 1a6, 006, 267, 11c, 0d7, 3ad]
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The following three function T2, T3, T4 are such that Ti ◦A = B ◦ Ti, where
B =

0 0 0 0 0 0 0 0 0 1
1 0 0 0 0 0 0 0 0 1
0 1 0 0 0 0 0 0 0 1
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 1
0 0 0 0 1 0 0 0 0 1
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 1
0 0 0 0 0 0 0 1 0 1
0 0 0 0 0 0 0 0 1 1

A =

0 0 0 0 1 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0
0 1 0 0 1 0 0 0 0 0
0 0 1 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 1 0 0 0 1
0 0 0 0 0 0 1 0 0 1
0 0 0 0 0 0 0 1 0 1
0 0 0 0 0 0 0 0 1 0

.
T2 : [000, 19a, 334, 058, 1df, 140, 0b0, 2d9, 3be, 3de, 280, 016, 160, 005, 205, 196, 0cb, 3d9, 00b, 1ef, 2b7, 0a0, 02c, 0cd, 2c0, 028, 00a, 014, 3bd, 050, 32c, 237,
3f8, 1d8, 1f8, 12e, 1ce, 2eb, 195, 046, 375, 0af, 37f, 253, 242, 09d, 013, 03a, 2ad, 205, 359, 107, 338, 295, 097, 3cc, 395, 2c7, 06b, 3cf, 101, 156, 0a4, 205,
047, 02f, 3b0, 12e, 3f0, 29d, 25c, 1c7, 39c, 20e, 261, 105, 32a, 3bd, 08c, 2ed, 15d, 3bd, 15e, 148, 149, 2ac, 311, 202, 333, 029, 13a, 0d6, 026, 239, 074, 09d,
12e, 2fc, 3ed, 2c9, 170, 3a7, 1e8, 1c9, 1c6, 3ee, 10f, 1d1, 299, 1b4, 00b, 1d0, 1aa, 0f0, 09d, 331, 257, 208, 13b, 392, 0f7, 057, 3ca, 19c, 00b, 1ae, 16d, 23e,
08e, 3b3, 05e, 195, 0d7, 2ef, 25c, 292, 057, 290, 28d, 2bc, 30f, 0cd, 38e, 2ba, 08f, 13a, 3ab, 0e8, 375, 3c5, 20a, 04c, 1e3, 1ac, 0cd, 274, 118, 052, 26d, 1d1,
3a7, 320, 243, 032, 017, 195, 3a8, 0dc, 04d, 130, 3a3, 028, 0fc, 084, 149, 3c7, 238, 037, 028, 0d1, 22b, 121, 260, 39c, 067, 392, 07d, 17e, 375, 185, 134, 132,
25c, 093, 24f, 276, 06d, 3a7, 225, 319, 2e0, 1d5, 0f9, 13a, 3d0, 1e0, 392, 354, 38c, 3cb, 06b, 2da, 21e, 35c, 3a2, 016, 285, 338, 368, 023, 016, 0ae, 3a0, 1ee,
3e4, 291, 2c3, 140, 23c, 24c, 140, 3c6, 06b, 0e4, 346, 13f, 2b2, 338, 3c4, 0b8, 3aa, 057, 179, 072, 1d1, 329, 159, 157, 190, 397, 149, 1b8, 0ea, 3e8, 268, 39c,
11c, 098, 0d1, 3a3, 0bc, 03d, 32a, 15d, 1ae, 1d0, 269, 0e1, 30f, 274, 293, 11e, 0ae, 3a2, 297, 36d, 2ad, 0a4, 2cf, 230, 1a9, 35f, 19a, 19a, 0ab, 358, 2c3, 3c6,
0e4, 2da, 01d, 0d5, 2ad, 196, 00f, 1c2, 365, 0a1, 196, 0a4, 22d, 0ec, 285, 2b2, 0c8, 07e, 3c5, 185, 122, 091, 074, 331, 2fc, 3b0, 3fb, 041, 017, 05e, 34b, 1f4,
0f9, 08f, 1f7, 377, 331, 242, 064, 3e1, 02e, 1a2, 32a, 050, 0e7, 06e, 1b8, 3c7, 09a, 264, 260, 268, 0f1, 30a, 050, 15d, 1f8, 2fc, 108, 0fa, 292, 093, 039, 0ce,
390, 05c, 3aa, 290, 3b1, 178, 1d0, 1ef, 074, 242, 244, 284, 354, 067, 33f, 2fa, 26d, 329, 1a3, 211, 1ef, 1ae, 07a, 2cd, 03c, 082, 1f8, 3b0, 0bf, 104, 320, 06d,
30f, 02c, 126, 0f3, 329, 10f, 35b, 38b, 0da, 203, 0f9, 0d6, 3fd, 021, 185, 0af, 277, 3dc, 3aa, 0f7, 1f2, 15c, 274, 02c, 017, 046, 3c0, 167, 093, 1c7, 11f, 2bd,
226, 2bf, 13b, 354, 1e9, 075, 0af, 3c5, 2c0, 3a3, 3d7, 042, 20e, 268, 142, 3d2, 2c0, 0d1, 229, 2ce, 2ac, 1b8, 01e, 1fc, 393, 078, 170, 06d, 0fe, 210, 046, 05e,
07f, 2ae, 295, 2b2, 231, 1e5, 280, 3a2, 3cf, 0e4, 32f, 2f2, 280, 0ae, 03b, 0e3, 0d6, 08f, 1c8, 367, 13b, 067, 27e, 1d4, 2d3, 370, 1c7, 292, 03f, 099, 170, 320,
3c7, 2ac, 019, 384, 260, 20e, 3e5, 17d, 344, 3d5, 290, 0f7, 1e2, 076, 26d, 10f, 2f0, 113, 2da, 3cf, 0f4, 212, 285, 295, 3c6, 1df, 1e6, 109, 2c3, 1df, 2b8, 352,
238, 3d7, 130, 229, 1a2, 148, 0f1, 2ed, 178, 16d, 07a, 299, 1e3, 0f3, 2ba, 15c, 35c, 03b, 3a0, 231, 365, 107, 1c2, 156, 1a9, 334, 35f, 334, 291, 109, 23c, 352,
113, 346, 32f, 38c, 160, 230, 107, 0a1, 160, 2cf, 156, 00f, 212, 0b8, 07f, 023, 1e9, 134, 021, 20a, 239, 3e1, 1aa, 284, 02f, 108, 3ed, 03c, 0fe, 0dc, 167, 3b3,
1c8, 1d5, 203, 0e8, 03a, 122, 1aa, 244, 2ed, 30a, 32c, 03d, 01e, 0fc, 384, 190, 17d, 3e8, 142, 121, 32c, 0bc, 148, 02e, 3ed, 082, 1d8, 041, 2bd, 0d7, 2d3, 24f,
072, 3d5, 28d, 3dc, 269, 0cb, 2cd, 299, 064, 239, 091, 03a, 17e, 226, 3d0, 27e, 159, 076, 052, 38b, 0e1, 0cb, 3b1, 16d, 0fa, 02f, 3fb, 1d8, 243, 393, 319, 03f,
1f2, 2ba, 11e, 0a0, 3ee, 1a3, 159, 1e2, 1d5, 367, 333, 377, 0c8, 37f, 075, 134, 05c, 19c, 344, 072, 1e3, 126, 0a0, 293, 1ce, 1f4, 0dc, 210, 370, 24f, 039, 3f0,
208, 2fa, 3d0, 1d4, 3fd, 20a, 07e, 37f, 11c, 014, 2ce, 130, 3e8, 3e5, 261, 09a, 238, 042, 014, 098, 06e, 311, 019, 190, 099, 319, 0bf, 1c9, 1ce, 34b, 3b3, 3c0,
097, 22d, 0b8, 0f4, 0e3, 35c, 297, 3de, 0d5, 395, 2f0, 346, 3a0, 1e5, 3de, 36d, 0e8, 0da, 333, 1f7, 33f, 208, 2bf, 17e, 11f, 0d7, 0ce, 3f0, 1c9, 104, 243, 078,
1fc, 0fc, 0e7, 311, 261, 264, 121, 3d2, 28d, 277, 19c, 390, 211, 3ee, 35b, 052, 01d, 395, 2f2, 38c, 023, 2ae, 097, 0ec, 2d9, 0ab, 23c, 2b8, 1e6, 291, 358, 2d9,
1a9, 058, 058, 35f, 24c, 2b8, 1e6, 3e4, 1e5, 1ee, 21e, 0e3, 101, 00f, 0a1, 359, 1b4, 2cd, 3b1, 23e, 1f2, 38e, 1ac, 126, 04d, 2ce, 042, 037, 30a, 08c, 15e, 02e,
082, 2c9, 047, 0fa, 08e, 3c0, 210, 3a8, 3fd, 04c, 132, 075, 0f0, 244, 064, 026, 101, 1c2, 230, 005, 2ae, 368, 3c4, 0f4, 3cb, 2f2, 2f0, 13f, 365, 359, 005, 2cf,
3fb, 3f8, 2c9, 03c, 276, 370, 11f, 2ef, 3d2, 22b, 0ea, 3e5, 15e, 1a2, 03d, 237, 237, 0bc, 0f1, 08c, 019, 397, 084, 1fc, 3ab, 0da, 367, 2e0, 284, 0f0, 013, 091,
041, 3f8, 047, 108, 225, 099, 078, 032, 35b, 118, 157, 1e2, 23e, 178, 269, 3d9, 013, 122, 3e1, 026, 1d4, 1e0, 07d, 2bf, 2bc, 277, 344, 179, 07a, 1b4, 3d9, 0e1,
0fe, 3a8, 2eb, 34b, 29d, 0ce, 2d3, 276, 3d5, 179, 3ca, 390, 2b7, 11e, 0f3, 1ac, 029, 1f7, 1c8, 2e0, 1e9, 132, 253, 07e, 2b7, 293, 15c, 38e, 076, 157, 1c6, 211,
104, 1e8, 225, 03f, 08e, 167, 1f4, 2eb, 11c, 00a, 037, 3d7, 397, 384, 0e7, 202, 04d, 229, 098, 00a, 264, 105, 0ea, 17d, 1e0, 27e, 33f, 257, 0c8, 253, 04c, 021,
039, 29d, 2ef, 2bd, 032, 393, 0bf, 1e8, 377, 029, 3ab, 203, 07d, 226, 2fa, 257, 13f, 113, 01d, 2c7, 297, 3be, 1ee, 231, 3c4, 212, 0ec, 3cc, 36d, 3be, 21e, 03b,
352, 24c, 0b0, 358, 0b0, 0ab, 109, 3e4, 32f, 3cb, 2c7, 0d5, 3cc, 22d, 07f, 368, 3ca, 05c, 3dc, 2bc, 38b, 118, 1c6, 1a3, 202, 06e, 01e, 084, 142, 22b, 105, 09a]
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T3 : [000, 1d0, 3a0, 037, 0f7, 2c3, 06e, 01d, 1ee, 078, 231, 1e0, 0dc, 2ae, 03a, 00f, 3dc, 157, 0f0, 03c, 3d5, 2ba, 3c0, 0e8, 1b8, 375, 2eb, 261, 074, 15d, 01e, 370,
1d3, 06f, 254, 1af, 11d, 345, 1a3, 1bc, 21e, 3e4, 1e6, 25b, 315, 10b, 3d4, 38d, 29e, 079, 195, 135, 2ae, 3ad, 29c, 1d8, 2d9, 078, 1ad, 14b, 32c, 269, 361, 063,
3a6, 3b0, 0de, 28f, 31f, 0ed, 35e, 2eb, 23a, 26a, 13d, 32a, 346, 0f2, 378, 28b, 38b, 0c6, 07f, 175, 3cc, 365, 301, 1ef, 19d, 296, 216, 35a, 01f, 0f0, 0ad, 205,
2e1, 29b, 1be, 383, 261, 1ff, 207, 3de, 15e, 162, 27e, 005, 01b, 3c3, 002, 19d, 25d, 17c, 18e, 0e8, 223, 2e6, 2c9, 04b, 268, 10f, 1c4, 0e4, 3d3, 350, 346, 182,
0fb, 3de, 0d7, 1b5, 1bc, 17d, 2a9, 02f, 189, 2ea, 1da, 0fe, 10b, 18c, 261, 0a1, 3c3, 3bd, 363, 15a, 27a, 1e0, 1e3, 03e, 13b, 103, 1e4, 39b, 147, 29b, 2a1, 33a,
04a, 303, 041, 14f, 134, 199, 206, 0ec, 31b, 014, 36f, 227, 3a0, 34b, 0ed, 241, 3e3, 3f1, 364, 131, 263, 195, 1dd, 06c, 338, 36c, 3c0, 1d3, 37d, 0cd, 0bc, 14b,
275, 096, 281, 225, 37c, 27b, 0b1, 3f1, 375, 1d0, 3fe, 31c, 3b9, 2f8, 00b, 30d, 2bc, 304, 2c4, 13b, 34b, 117, 00a, 011, 036, 1c8, 031, 388, 004, 21e, 33a, 367,
250, 0df, 283, 24b, 360, 20b, 08a, 3a6, 173, 3ba, 1df, 151, 186, 0ab, 213, 179, 208, 3dc, 257, 1c4, 3c6, 1f6, 0a0, 0d7, 2a1, 333, 281, 154, 2aa, 0dc, 1b3, 182,
1f6, 07c, 00b, 3c6, 1ae, 3c0, 36a, 343, 378, 2b4, 2fa, 171, 2e5, 0cd, 05e, 031, 312, 1c3, 263, 2f5, 3b4, 281, 1fc, 28e, 216, 081, 318, 3c8, 375, 206, 142, 276,
378, 29e, 2a2, 103, 319, 11b, 1fa, 1bf, 3d5, 275, 270, 197, 271, 035, 0ed, 0ee, 10d, 3b0, 05b, 0a1, 192, 0cb, 3fd, 0e3, 22a, 0d1, 303, 3bf, 370, 26f, 160, 238,
094, 0d8, 1b1, 3ba, 082, 32a, 29e, 371, 268, 262, 332, 17f, 3bb, 055, 1d8, 071, 181, 296, 028, 178, 169, 19a, 3f9, 14d, 0f7, 3a6, 121, 037, 1da, 16f, 335, 1c7,
28e, 2ae, 38c, 1eb, 2a1, 165, 09a, 119, 251, 237, 32c, 10d, 3bb, 039, 1ff, 03a, 30a, 071, 284, 3b8, 3db, 344, 16c, 3b4, 05f, 362, 1ae, 0d4, 14b, 192, 383, 11d,
35d, 022, 12c, 014, 2b5, 22e, 3fd, 121, 14f, 276, 341, 23f, 162, 1bf, 055, 2cf, 15d, 179, 3a0, 1c3, 04b, 38b, 18f, 008, 0c5, 0a7, 247, 062, 016, 390, 1ad, 06c,
0b1, 3a2, 2e7, 3b3, 160, 197, 00f, 2bf, 080, 3d5, 2a9, 3bb, 094, 025, 184, 372, 220, 268, 0fa, 2f5, 30f, 0a3, 2ec, 307, 19b, 195, 33e, 177, 171, 29b, 0ed, 140,
317, 1ae, 1be, 140, 2b1, 3ec, 321, 03b, 177, 388, 3a1, 319, 114, 00f, 0fb, 3a7, 2e6, 304, 0c3, 366, 3be, 1b8, 2a2, 2e3, 30c, 2a8, 156, 2b5, 391, 1d1, 2f2, 2f5,
06f, 2ba, 2e1, 273, 1f0, 0c1, 047, 331, 02c, 2bf, 2dd, 209, 076, 101, 1be, 28e, 10f, 081, 30d, 0c4, 06e, 204, 155, 178, 2c6, 30e, 0bb, 334, 262, 04e, 326, 34d,
3ec, 2ab, 0f8, 3f8, 016, 2b5, 03b, 0df, 35c, 25d, 037, 371, 163, 386, 131, 193, 147, 35b, 2df, 284, 243, 3bb, 2e2, 15d, 27d, 027, 19a, 187, 0bc, 102, 062, 39b,
383, 2a8, 0b0, 3dc, 040, 28f, 04a, 0c2, 110, 07d, 25c, 176, 316, 19f, 363, 3ad, 1b9, 3c9, 206, 231, 284, 310, 202, 1d1, 0a0, 296, 360, 311, 258, 38a, 2a1, 134,
147, 1c6, 28b, 04d, 2f3, 196, 206, 324, 185, 142, 236, 0b6, 3f4, 0d7, 37e, 21a, 01d, 3c7, 35d, 2c0, 357, 369, 32e, 157, 355, 0c9, 06a, 1b1, 1da, 1a2, 1dc, 3e3,
1bc, 151, 257, 0fd, 231, 138, 2e3, 3ad, 35d, 3f6, 0c9, 225, 115, 25a, 1b8, 0b0, 077, 3c1, 310, 2e1, 304, 356, 35a, 14f, 11c, 2ec, 204, 3b3, 3aa, 3be, 38b, 1d8,
128, 29a, 1b0, 045, 362, 334, 0c3, 2d2, 104, 2f0, 1e3, 050, 28b, 29b, 155, 302, 367, 38e, 373, 1dd, 1d3, 2de, 2fe, 3b4, 0c1, 06e, 0aa, 242, 3b0, 0fb, 0e2, 1ee,
025, 3fb, 09a, 103, 256, 26c, 1d0, 3ad, 22a, 1b2, 2ea, 335, 19c, 1e0, 265, 05e, 2fb, 27e, 2c8, 00a, 076, 317, 37c, 25a, 37e, 3bd, 332, 1b6, 036, 311, 343, 223,
2ab, 0df, 2eb, 2d8, 0af, 13f, 3d6, 001, 2f5, 0c7, 2ca, 2bf, 134, 0e2, 232, 1a3, 315, 23a, 3d9, 0b1, 1ef, 324, 21a, 296, 0c1, 1a8, 072, 35c, 3fe, 173, 074, 0be,
332, 12a, 355, 30a, 10f, 0f3, 251, 1ea, 14f, 311, 157, 14e, 2b7, 30d, 196, 26b, 21d, 35e, 2f6, 1f2, 0de, 279, 30c, 3ec, 3ea, 2ef, 37e, 03c, 0ec, 20d, 341, 3e7,
10d, 010, 044, 31e, 258, 0a1, 028, 096, 2dd, 386, 3eb, 0f7, 04d, 2f2, 242, 2ba, 29e, 0d8, 35b, 35a, 135, 097, 3c9, 02c, 2c4, 0c4, 37e, 339, 0aa, 14e, 229, 18a,
23f, 34e, 351, 067, 153, 3c6, 304, 3d6, 3cc, 2fb, 2dd, 1ad, 165, 3b6, 34d, 3d9, 13d, 317, 0df, 0b2, 2af, 361, 074, 3fd, 344, 128, 2d9, 2f2, 113, 09b, 3b7, 078,
162, 1b9, 0f3, 26f, 279, 146, 0d1, 1a9, 2c0, 25d, 32e, 1f4, 01e, 367, 2c9, 3f7, 100, 280, 01d, 1da, 2e5, 281, 0c1, 2e2, 128, 2ee, 04a, 1cb, 308, 32a, 153, 336,
2c4, 273, 372, 182, 1e6, 2b5, 369, 27d, 345, 3b4, 28c, 03a, 1a2, 2b7, 352, 200, 237, 1db, 30d, 2a6, 1eb, 1e3, 3e8, 1a7, 03c, 396, 179, 094, 225, 26b, 059, 250,
199, 271, 35c, 2f3, 37c, 370, 280, 0cb, 2d5, 17b, 06f, 186, 1f5, 1bf, 076, 27b, 2ee, 25d, 0a7, 253, 0f5, 3a2, 185, 095, 228, 2dd, 01e, 2ac, 1f6, 2e7, 0f9, 1af,
3c9, 04d, 12b, 0e8, 115, 175, 0ce, 2e9, 2a6, 164, 03b, 1be, 1bf, 199, 01b, 27a, 02f, 0f0, 241, 0d9, 20d, 136, 35a, 226, 2ca, 253, 0db, 205, 12d, 250, 005, 13f,
0de, 2f0, 2c3, 2aa, 275, 3bf, 351, 0dc, 3e0, 188, 182, 1ad, 08e, 102, 1d5, 21e, 058, 12d, 2c9, 1fb, 20d, 09c, 3a5, 373, 0ec, 1df, 202, 176, 37c, 1ab, 2ab, 23b,
21a, 058, 020, 025, 088, 12e, 18b, 26a, 307, 103, 142, 101, 050, 1b0, 12c, 28b, 20d, 314, 0bb, 3e5, 061, 29c, 1ee, 154, 09a, 1c5, 253, 14b, 333, 188, 2c3, 23f]
23
T4 : [000, 349, 125, 21c, 24a, 10c, 38f, 0b9, 323, 1cc, 218, 087, 0a9, 249, 172, 3e2, 1f1, 2ff, 398, 0e6, 387, 086, 10e, 27f, 152, 3fa, 325, 1fd, 2e4, 043, 073, 2a4,
15a, 283, 196, 23f, 21a, 1cc, 236, 190, 34c, 133, 39e, 191, 1cc, 3bc, 1fe, 3fe, 024, 3ba, 3a4, 04a, 358, 0c9, 038, 3d9, 1b2, 38a, 22c, 064, 30e, 139, 070, 237,
2b4, 005, 2b1, 070, 32c, 192, 3c9, 107, 383, 094, 398, 0ff, 3db, 0c3, 320, 048, 12f, 3d9, 266, 0e0, 08b, 272, 322, 1ab, 398, 0c8, 0cf, 3ef, 3fc, 0a3, 04b, 364,
247, 066, 3ab, 1fa, 2d5, 0fb, 3d9, 187, 245, 1c2, 3b7, 040, 317, 09f, 205, 1fd, 153, 335, 3f3, 1e5, 1fd, 394, 3bd, 1a4, 2d1, 111, 06f, 3df, 3bf, 070, 1e1, 25e,
2df, 356, 00a, 1f3, 2d5, 353, 0e0, 116, 1ef, 1c0, 324, 37b, 025, 005, 20e, 25e, 0b1, 17f, 128, 096, 087, 146, 1fe, 04f, 001, 069, 186, 19e, 1f7, 190, 090, 087,
29a, 383, 1a6, 0cf, 39a, 28c, 046, 120, 09f, 020, 3bd, 372, 05f, 0ef, 39d, 35d, 07b, 125, 00b, 125, 147, 016, 1d7, 0f6, 1fe, 106, 190, 118, 102, 1f5, 18c, 10b,
339, 348, 0cc, 0cd, 0e1, 09f, 3f4, 3fa, 21d, 3ca, 1f6, 051, 005, 1dd, 30e, 2a6, 33d, 30b, 384, 3c2, 0d9, 0e0, 080, 0c9, 199, 009, 13e, 0de, 3bd, 222, 3fa, 215,
2d5, 234, 0c9, 058, 007, 0e9, 2fb, 265, 2c4, 383, 0c6, 1f1, 1d6, 09e, 334, 20c, 25e, 2f8, 30e, 3d8, 0b0, 019, 100, 1d9, 1cf, 0cf, 081, 1f1, 2e1, 3ee, 34f, 230,
209, 09e, 11b, 3fc, 014, 28c, 3e6, 10e, 21d, 12c, 111, 250, 1c0, 2fe, 22c, 162, 3de, 10e, 380, 120, 1ff, 320, 141, 3ee, 04a, 33c, 00a, 30c, 3ab, 0d2, 30b, 002,
05f, 258, 2a4, 0d3, 348, 140, 153, 32b, 17e, 2df, 39b, 04a, 3a9, 007, 1ac, 272, 107, 347, 0b0, 280, 22c, 063, 37b, 144, 3a6, 040, 20f, 199, 14d, 2a4, 004, 39d,
283, 1ec, 0b1, 3ae, 34c, 02c, 19e, 28e, 083, 24a, 2af, 016, 08c, 24a, 240, 0f6, 13e, 216, 040, 318, 0cd, 3ea, 153, 204, 0be, 230, 1de, 320, 08d, 20c, 10d, 3fc,
17c, 283, 2a7, 128, 1b9, 249, 282, 102, 249, 010, 18c, 3a5, 34c, 11a, 069, 24f, 24e, 1f6, 2d9, 111, 2b7, 100, 2c0, 107, 2fb, 0e5, 272, 01c, 3c2, 1d3, 3ab, 1ca,
1c5, 192, 127, 100, 198, 1c0, 19a, 1b2, 1c2, 033, 13e, 0bf, 05f, 1a1, 043, 1cd, 38d, 39d, 023, 043, 3ec, 3f3, 0a2, 0cd, 00a, 1bc, 3ba, 27c, 1ab, 012, 2fb, 332,
28c, 24b, 387, 330, 3db, 313, 230, 288, 3be, 2df, 2ab, 3ba, 329, 247, 2dc, 3c2, 04b, 0cb, 20c, 2fc, 120, 1af, 387, 378, 2f9, 3df, 0a0, 1f6, 252, 37b, 0eb, 1b2,
21d, 3b2, 3df, 200, 192, 032, 0b0, 160, 00e, 007, 1d2, 1ab, 241, 247, 37d, 30b, 23f, 3d7, 0b1, 129, 18c, 06b, 3e2, 275, 3ac, 3e2, 13c, 102, 1df, 19e, 3af, 39e,
0fd, 1c2, 0d6, 199, 278, 348, 2b3, 3f3, 3db, 342, 3ee, 307, 09e, 008, 04b, 0ad, 050, 128, 337, 23f, 2e9, 39e, 16e, 069, 0f6, 028, 38f, 321, 38f, 35e, 016, 0b7,
3a5, 06b, 13c, 282, 236, 1f7, 04f, 3fe, 028, 240, 2af, 0b7, 07b, 21c, 21c, 00b, 38d, 004, 258, 1a1, 222, 1a4, 317, 0e1, 380, 1af, 24b, 014, 3ef, 1cf, 2c4, 094,
146, 218, 236, 118, 1df, 28e, 24f, 16e, 3fe, 106, 090, 218, 2a7, 050, 129, 3ae, 1e1, 2f8, 1dd, 2b4, 144, 252, 198, 2fe, 0d9, 266, 0fb, 234, 1bc, 30c, 17e, 3be,
0be, 288, 307, 141, 2ff, 0c6, 1a6, 3ef, 127, 2b7, 280, 160, 2a6, 139, 1e1, 20e, 2fc, 08d, 209, 008, 081, 2ff, 094, 29a, 0e5, 332, 00e, 3a9, 358, 080, 353, 0fb,
3f4, 152, 1a4, 372, 0bf, 216, 20f, 0d6, 358, 058, 116, 266, 1d3, 2dc, 37d, 002, 139, 3d8, 025, 2b4, 24e, 0a0, 3b2, 12c, 215, 152, 317, 020, 0a2, 3ea, 140, 278,
2b1, 3bf, 3d8, 2a6, 162, 063, 0eb, 19a, 12f, 187, 058, 080, 33c, 39b, 2ab, 27c, 106, 04f, 323, 21a, 2e9, 3af, 02c, 11a, 118, 1f7, 323, 3bc, 337, 3d7, 1ec, 17c,
14d, 0d3, 1cd, 023, 394, 205, 3f4, 215, 3e6, 3de, 378, 330, 0ff, 0c8, 081, 0c6, 275, 3ac, 1b9, 010, 090, 146, 3bc, 21a, 35e, 321, 08c, 083, 07b, 00b, 349, 349,
2f8, 20e, 2b1, 237, 2f9, 200, 250, 2d9, 372, 222, 325, 205, 2b3, 3ec, 204, 32b, 325, 394, 020, 0e1, 318, 3a6, 0fd, 033, 12f, 038, 234, 353, 0d2, 1ca, 329, 241,
0ad, 0cb, 10d, 11b, 1a6, 1cf, 0e6, 0ff, 012, 1d2, 1ac, 01c, 0d9, 116, 187, 038, 1ff, 1de, 313, 342, 0c8, 0e6, 2c4, 29a, 2c0, 347, 032, 1c5, 237, 3bf, 025, 1dd,
38a, 19a, 324, 144, 24e, 051, 200, 06f, 330, 086, 380, 046, 334, 08d, 364, 0ad, 384, 1d3, 066, 241, 27c, 024, 17e, 356, 0be, 34f, 342, 0c3, 086, 378, 39a, 014,
265, 0e5, 322, 1d2, 2ab, 024, 30c, 1f3, 3ea, 0cc, 2b3, 1e5, 2e4, 1cd, 35d, 004, 2e4, 023, 0ef, 258, 216, 0de, 0fd, 245, 0eb, 38a, 2fe, 1ef, 1d9, 2b7, 32c, 032,
2af, 147, 321, 0b9, 0b9, 35e, 1d7, 240, 001, 24f, 191, 3af, 3d7, 196, 2a7, 096, 0cb, 364, 209, 1d6, 2e1, 141, 0c3, 313, 1e5, 3ec, 339, 140, 20f, 009, 033, 245,
2e9, 191, 28e, 186, 1f5, 282, 172, 275, 172, 3ac, 10b, 3a5, 3ae, 17f, 337, 196, 002, 33d, 329, 066, 322, 012, 0e9, 3a9, 019, 280, 32c, 1c5, 2f9, 06f, 12c, 3ca,
38d, 35d, 0d3, 073, 009, 0d6, 3b7, 318, 324, 252, 064, 162, 160, 019, 2c0, 3c9, 01c, 08b, 00e, 0e9, 3a4, 33c, 356, 3be, 335, 204, 339, 278, 14d, 073, 1a1, 0ef,
37d, 33d, 1ca, 1fa, 1f3, 1bc, 3a4, 39b, 2e1, 307, 048, 1de, 1af, 046, 3e6, 27f, 063, 064, 198, 1ef, 2d1, 2d9, 3ca, 3b2, 27f, 3de, 39a, 24b, 10d, 0a3, 008, 1d6,
1fa, 0d2, 384, 2dc, 1ac, 08b, 332, 265, 347, 3c9, 127, 1d9, 2d1, 250, 051, 0a0, 001, 16e, 133, 02c, 06b, 10b, 1b9, 0a9, 13c, 1f5, 010, 0a9, 096, 050, 15a, 1ec,
0a3, 11b, 334, 2fc, 1ff, 048, 288, 34f, 32b, 335, 0a2, 0cc, 3b7, 3a6, 0de, 0bf, 1d7, 028, 10c, 083, 0b7, 147, 08c, 10c, 1df, 186, 11a, 133, 17f, 129, 15a, 17c]
24
Finally, the function T5 is such that T5 ◦A = B ◦ T5, where
B = A =

0 0 0 0 0 0 0 0 0 1
1 0 0 0 0 0 0 0 0 1
0 1 0 0 0 0 0 0 0 1
0 0 1 0 0 0 0 0 0 1
0 0 0 1 0 0 0 0 0 1
0 0 0 0 1 0 0 0 0 1
0 0 0 0 0 1 0 0 0 1
0 0 0 0 0 0 1 0 0 1
0 0 0 0 0 0 0 1 0 1
0 0 0 0 0 0 0 0 1 1

.
T5 : [000, 2e8, 22f, 056, 3a1, 371, 0ac, 0ed, 0bd, 2d5, 11d, 3e4, 158, 108, 1da, 11b, 17a, 158, 255, 2e6, 23a, 020, 037, 2bc, 2b0, 212, 210, 223, 3b4, 12e, 236, 03d,
2f4, 2d3, 2b0, 206, 355, 14a, 233, 0bd, 38b, 32c, 040, 076, 06e, 2f1, 287, 089, 29f, 072, 3db, 1a7, 3df, 30a, 3b9, 3fd, 097, 2fa, 25c, 0a0, 393, 3c6, 07a, 0be,
217, 329, 259, 3f6, 29f, 199, 3f3, 064, 155, 0eb, 294, 3bb, 399, 01f, 17a, 26d, 0e9, 31d, 1a7, 2c2, 080, 14c, 0ec, 1b1, 0dc, 3a8, 21d, 1f8, 2f1, 3bd, 112, 0cf,
2c1, 130, 0e4, 384, 049, 180, 34e, 216, 041, 330, 1eb, 20b, 08d, 1c4, 005, 1dd, 12e, 015, 20b, 3a1, 347, 044, 140, 2d2, 0d9, 162, 073, 159, 0f4, 377, 17c, 26e,
3d1, 3ea, 1ad, 107, 34d, 14e, 013, 281, 2c1, 27a, 332, 318, 019, 29a, 0c8, 2da, 2aa, 05b, 1d6, 3b6, 2d7, 21e, 089, 0d1, 0cd, 2bc, 03e, 2de, 2f4, 2bd, 325, 3fd,
1d2, 326, 1c5, 3a0, 34e, 382, 27b, 226, 100, 374, 298, 07d, 1d8, 194, 362, 3bf, 1b8, 186, 0af, 000, 3c5, 1c3, 3f0, 167, 21d, 2a3, 085, 0aa, 224, 0a2, 19e, 389,
27d, 190, 260, 11c, 1c8, 01d, 0f7, 1b3, 092, 3ff, 300, 0fc, 163, 036, 3d3, 217, 082, 1a5, 19f, 029, 3d6, 0c9, 3e9, 067, 11a, 0bd, 388, 2be, 00a, 395, 3ba, 0b4,
25c, 37e, 02a, 199, 3e9, 0f3, 0bd, 336, 171, 0d3, 088, 1bb, 280, 11a, 25b, 150, 1b2, 25a, 2c4, 1bd, 0e6, 136, 2b2, 3f3, 1e8, 280, 111, 2e8, 2f8, 3a8, 323, 2e2,
05d, 2a5, 02b, 242, 35a, 39a, 20e, 25f, 165, 31d, 29c, 075, 026, 066, 2fd, 22c, 27d, 24f, 30b, 3a8, 19b, 391, 1cf, 354, 032, 080, 2cb, 2e8, 190, 31a, 24b, 050,
2ab, 29c, 0b6, 010, 3ac, 1a3, 093, 20d, 251, 2e6, 3c3, 3e5, 112, 39d, 1a2, 3bc, 19a, 367, 287, 0eb, 07c, 0b9, 243, 217, 217, 06a, 285, 069, 1b5, 1f0, 005, 0d1,
3a4, 28a, 1b3, 00c, 38a, 09c, 0bf, 338, 163, 0cd, 0fb, 1c4, 309, 09f, 3b3, 0b4, 200, 1e4, 117, 262, 2cf, 313, 0fa, 1b7, 3b0, 0d4, 328, 0dd, 13b, 067, 081, 14c,
370, 091, 30c, 07c, 15e, 087, 000, 148, 075, 314, 386, 076, 01f, 146, 2ce, 306, 3c5, 2ee, 2b9, 303, 10a, 219, 154, 2d6, 3b7, 21c, 144, 07e, 33c, 0af, 0ed, 3ef,
305, 32e, 320, 39a, 33f, 12c, 238, 0ba, 390, 33b, 03a, 000, 1ee, 37d, 366, 164, 124, 3c5, 001, 271, 1ff, 126, 1f8, 1b0, 2c6, 0a7, 06c, 29c, 059, 000, 3d1, 319,
104, 3e0, 34a, 13f, 33e, 3e2, 052, 01f, 053, 237, 192, 367, 02d, 071, 0ce, 003, 234, 21a, 17a, 1c5, 0ef, 2f9, 283, 004, 014, 0ba, 0d5, 0ea, 08b, 21d, 168, 36f,
347, 0ba, 103, 26f, 054, 191, 332, 266, 02d, 350, 1e6, 20a, 17a, 03f, 193, 047, 2e2, 3d5, 1a6, 000, 110, 21f, 376, 0e8, 2ff, 348, 234, 312, 349, 0c6, 2a0, 1be,
364, 256, 34b, 2e8, 277, 17d, 37a, 0e1, 1cc, 07e, 26c, 34f, 29b, 111, 019, 302, 3d0, 028, 2ff, 196, 222, 3e2, 22f, 37e, 20f, 177, 0af, 346, 1b9, 0f9, 23b, 3ea,
0ba, 2dc, 2b5, 042, 056, 008, 37b, 3b4, 14b, 3ad, 0cb, 2bc, 3e3, 33d, 341, 30e, 2ca, 266, 1c5, 1f8, 2c7, 053, 0ea, 2ef, 04c, 060, 0cc, 071, 205, 011, 3a7, 122,
305, 3ac, 361, 359, 1e9, 378, 0af, 2af, 336, 31f, 0dd, 065, 39e, 18f, 157, 3d7, 064, 207, 100, 3f2, 269, 232, 22f, 2e5, 320, 1c3, 1cb, 3b9, 369, 3b2, 0a0, 0ea,
2a9, 319, 2c7, 3e6, 16c, 2e4, 020, 339, 0a7, 197, 346, 2e7, 126, 22e, 3e5, 07c, 35d, 027, 233, 1d8, 079, 13b, 035, 1e6, 224, 1de, 0c5, 3ae, 344, 286, 087, 1d4,
334, 04b, 131, 2df, 2f1, 3b6, 1d6, 000, 0f8, 307, 172, 21c, 379, 2be, 3d1, 287, 3d1, 264, 0d4, 1f0, 2f5, 178, 0d2, 3ce, 36a, 25f, 3e0, 244, 00a, 307, 1a2, 23e,
0b7, 002, 2eb, 2cf, 366, 1eb, 018, 204, 0eb, 0de, 138, 19c, 17e, 373, 18f, 313, 2c6, 0b9, 19a, 374, 1f6, 1b1, 388, 35e, 1ed, 312, 13e, 350, 099, 05e, 168, 13e,
3ff, 185, 3c8, 123, 22e, 26c, 33b, 3e8, 261, 09b, 1d9, 3b2, 1f4, 136, 36e, 33d, 09f, 02f, 1a8, 189, 1af, 327, 1ba, 3a3, 276, 246, 0ce, 06f, 102, 30a, 298, 001,
11f, 27c, 122, 2d0, 1e7, 0bc, 0f8, 132, 2bc, 15f, 10e, 27c, 000, 1db, 290, 3da, 0ea, 143, 1d7, 0ef, 0f3, 362, 0ec, 3ec, 03e, 117, 28c, 334, 263, 172, 1f3, 273,
075, 1d9, 223, 31e, 28d, 119, 1f9, 2fc, 214, 338, 3cd, 270, 2a8, 1bc, 253, 1d6, 091, 3f7, 3c7, 030, 288, 3d6, 0fc, 133, 187, 261, 15e, 229, 1da, 004, 021, 16e,
1f5, 383, 1a3, 344, 1bf, 1f1, 0cb, 014, 181, 377, 258, 03f, 38f, 341, 174, 12b, 0df, 063, 189, 1a4, 074, 2f0, 000, 215, 3dc, 3e0, 105, 1a8, 133, 337, 2c8, 05d,
248, 2f1, 075, 05d, 002, 283, 31d, 10d, 3fe, 3c7, 24c, 2e4, 3f0, 1f1, 360, 1f0, 273, 000, 14e, 3ac, 0d8, 093, 2c7, 21d, 0b2, 241, 000, 262, 05d, 096, 1cd, 197,
208, 3a8, 03f, 10e, 16b, 2f3, 27e, 177, 183, 0a3, 03b, 18a, 0a4, 3bc, 03e, 3b7, 0a6, 3cc, 391, 06a, 324, 276, 131, 0f2, 05a, 3b0, 0e2, 399, 19c, 04e, 006, 145,
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171, 1d4, 174, 140, 206, 09b, 321, 12d, 0a8, 08d, 322, 396, 19b, 386, 333, 1bf, 05a, 235, 15f, 3a1, 3cc, 39b, 3eb, 32d, 2f4, 01b, 07e, 200, 326, 3f1, 08e, 0c8,
23b, 051, 055, 2ae, 34c, 31e, 000, 0c3, 220, 0ca, 3c1, 1ba, 113, 1c1, 1d0, 193, 201, 2a1, 16f, 15e, 397, 10f, 1db, 3d2, 16d, 14d, 18c, 13d, 2bf, 0a7, 37c, 1f5,
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